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We present a general procedure for constructing tensor networks for geometric states in the Anti-
de Sitter/Conformal Field Theory (AdS/CFT) correspondence. Given a state in a large-N CFT
with a static, semiclassical gravitational dual, our procedure produces a tensor network for the
boundary state whose internal geometry matches (a discretization of) the bulk spacetime geometry.
By invoking the “holographic entanglement of purification” conjecture, our construction can be
made to capture the structure of the bulk spacetime at sub-AdS scales.
INTRODUCTION
In the AdS/CFT correspondence [1], it is well-
known that information about the entanglement
structure of certain large-N CFT states can be com-
puted by performing a gravitational calculation in
a corresponding asymptotically-AdS spacetime [2–
8]. In particular, the von Neumann entropy S =
−Tr(ρ log ρ) of the reduced density matrix ρ for a
subregion of the boundary state is given to lead-
ing order in GN by the area of the corresponding
Ryu-Takayanagi (RT) surface [2]—or, more gener-
ally, the Hubeny-Rangamani-Takayanagi (HRT) sur-
face [4]—in the bulk spacetime.
It was proposed in [9, 10] that “tensor networks”,
discrete D + 1-dimensional geometries used in con-
densed matter physics for the efficient classical simu-
lation of D-dimensional quantum states, can be used
as a toy model for understanding the holographic re-
lationship between geometry and entanglement in
AdS/CFT. In addition to universally satisfying a
version of the Ryu-Takayanagi entropy formula [9],
tensor networks with AdS-like geometries have been
shown to display features of quantum error correc-
tion [11–13] that are directly analogous to the known
quantum error correcting features of AdS/CFT [14–
16].
In this letter, we argue that tensor networks are
not simply toy models for the AdS/CFT correspon-
dence, but are in fact a precise, geometric descrip-
tion of static states in AdS/CFT over length scales
greater than the string/Planck scales. Given a holo-
graphic CFT state with a static, semiclassical gravi-
tational dual and a discretization of the correspond-
ing bulk spacetime, we provide a general proce-
dure for constructing a tensor network whose bound-
ary state accurately reproduces the physics of the
original CFT state and whose underlying geometry
matches the chosen spacetime discretization.
For large-scale discretizations, our construction
can be completed using known information-theoretic
properties of holographic states. By using certain
natural generalizations of the holographic entangle-
ment of purification conjecture [17, 18], we can ex-
tend our construction to discretizations whose scale
lies well below the AdS radius ℓAdS (so long as
the discretization scale is still taken well above the
string/Planck scales). If these conjectures hold up
to stringy and quantum corrections, then our pro-
cedure can be used to construct a tensor network
for any holographic CFT state for almost any dis-
cretization of the bulk. As a result, we claim that
tensor networks are not mere “toy models”: they
describe the relationship between geometry and en-
tanglement in actual AdS/CFT!
In this letter, we first review the basic proper-
ties of tensor networks. We then construct a sim-
ple network for a bipartite discretization of vacuum
AdS3 and comment on how this procedure can be
extended to generic “tree” discretizations formed by
non-intersecting extremal surfaces. Finally, we in-
troduce the holographic entanglement of purification
conjecture, and show how it can be generalized to
construct tensor networks with sub-AdS structure.
The details of extending our construction to general
spacetimes and general discretizations can be found
in companion work [19].
TENSOR NETWORKS FOR HOLOGRAPHIC
STATES
Tensor Network Preliminaries
A multipartite quantum state |ψ〉 ∈ H ≡ HA1 ⊗
· · · ⊗ HAn may be thought of as a tensor with n
(abstract) up-indices ψA1...An . When such a state is
written as an outer product of other tensors, e.g.
ψA1A2 = SA1BTA2B, (1)
then the contracted index B may be thought of as a
“bond” that combines two states
|S〉 ∈ HA1 ⊗HB and |T 〉 ∈ HA2 ⊗H∗B (2)
into a single state |ψ〉. An outer-product representa-
tion of the form (1) for a multipartite tensor ψA1A2 is
called a tensor network for |ψ〉. Contracted Hilbert
spaces like HB are called bond spaces in the net-
work, with their dimensions referred to as bond di-
mensions. When |ψ〉 has a restricted entanglement
structure (as is the case for many physically interest-
ing states), it is often possible to construct a tensor
network for |ψ〉 that can be simulated efficiently on
a classical computer [20–22].
A tensor network can be represented as a graph
where (i) each tensor in the expression corresponds
to a vertex, (ii) each index corresponds to an edge
with one end attached to that tensor, and (iii)
contractions between indices are shown by link-
ing the corresponding edges. In this sense, an
arbitrary outer product representation of a multi-
partite quantum state defines a corresponding dis-
crete geometry—a weighted graph with edge weights
given by the bond dimensions of the correspond-
ing index contractions. As an example, a graph for
the tensor network given in (1) is sketched in Fig.1.
Note that in our convention, ‘up’-indices correspond
to edges with outward-facing edges, while ‘down’-
indices correspond to edges with inward-facing ar-
rows.
S TA1 A2
B
FIG. 1: The graph corresponding to the tensor
network expression in eq.(1).
Smooth Entropies in Holographic States
Consider a state |ψ〉 in a large-N CFT that is
known to have a static, semiclassical gravitational
dual. For any subregion A of the CFT domain,
the entanglement entropy of |ψ〉 between A and its
complement Ac is given in a small-GN expansion by
[2, 7, 23, 24]
S =
area(γ)
4GN
+O (1) , (3)
where γ, also known as the Ryu-Takayanagi (RT)
surface, is the minimal codimension-2 bulk surface
anchored on ∂A and homologous to A.1
The entanglement entropy of a subsystem, given
by the von Neumann entropy S = −Tr(ρ log ρ) of
the corresponding density matrix, is only one of
many information-theoretic entropies that encode
the entanglement spectrum of a state. More gen-
erally, we consider the Re´nyi entropies
Sα(ρ) =
1
1− α logTr ρ
α. (α ≥ 0) (4)
The Re´nyi entropies are monotonically decreasing
as a function of α, and reproduce the von Neumann
entropy in the limit α→ 1.
In AdS/CFT, the Re´nyi entropies of a subsystem
in a holographic state can be computed as functions
of the areas of surfaces in particular “conical deficit”
geometries where multiple asymptotically-AdS ge-
ometries are glued together and allowed to back-
react against one another [5, 6]. Knowing the full
spectrum of Re´nyi entropies for a subsystem of a
holographic state is sufficient to deduce its entangle-
ment spectrum and hence the corresponding density
matrix. These entropies are constrained somewhat
by their monotonicity, since all Re´nyi entropies must
lie between the max- and min-entropies
Smax(ρ) = limα→0 Sα = log[rank(ρ)], (5)
Smin(ρ) = limα→∞ Sα = log[λ−1max(ρ)]. (6)
(Here, λmax(ρ) denotes the largest eigenvalue of ρ.)
This constraint is rather weak in general, as there
can be a large gap between the max- and min-
entropies. For a holographic state, however, these
1 In (3), the CFT is regularized with an ultraviolet cutoff
simultaneously with a corresponding radial cutoff in the
bulk spacetime, so that both sides of the equation are finite
[2].
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max- and min-entropies can be tightly constrained
without altering the physical properties of the state.
Unpublished work due to Hayden, Swingle, and Wal-
ter [25], reproduced partially in [19], shows that the
smooth min- and max-entropies of a subregion in a
holographic state, defined by
Sεmax(ρ) = min‖σ−ρ‖1<ε Smax(σ), (7)
Sεmin(ρ) = max‖σ−ρ‖1<ε Smin(σ), (8)
are given to leading order in GN by
Sεmax(ρ) = S +O
(√
1
GN
ln 1ε
)
= S +O(
√
S), (9)
Sεmin(ρ) = S −O
(√
1
GN
ln 1ε
)
= S −O(√S),(10)
where S is the von Neumann entropy.2 Here we
use the trace norm ‖σ − ρ‖1 = Tr(|σ − ρ|) as a
metric on the space of density matrices. Equa-
tions (9) and (10) can be used to construct a nearby
state ρ˜ whose Re´nyi entropies are tightly constrained
around the von Neumann entropy. Since closeness
of density matrices in the trace norm implies close-
ness of their expectation values on bounded opera-
tors, this ‘smoothed state’ approximates the physi-
cal properties of the original state. The key point
of this letter is that these approximate states can
be expressed as tensor networks associated with
asymptotically-AdS geometries.
Holographic Networks from Entanglement
Distillation
Constraints on the smooth min- and max-
entropies of holographic states allow us to perform
entanglement distillation, whereby a bipartite quan-
tum state is approximated by a nearby state in which
the entanglement between two regions is made man-
ifest. In AdS/CFT, this ‘distilled’ state is precisely a
tensor network for the bipartite discretization of the
corresponding spacetime. For simplicity, consider
the 1+ 1-dimensional vacuum state |ψ〉 whose holo-
graphic dual is vacuum AdS3, with reduced density
matrix ρ on a subregion A.
It was shown in [19] that the smooth min- and
max-entropy properties of ρ discussed above guar-
antee the existence of an approximate state |Ψ〉 of
2 These properties were first shown for certain special states
in 1 + 1-dimensional CFTs in [26].
the form
|Ψ〉 =
eO(
√
S)∑
n=0
eS−O(
√
S)∑
m=0
√
λn|n,m〉A|n,m〉Ac , (11)
where {n,m} is an appropriately chosen division of
the eigenvalues of the reduced state ρ into eO(
√
S)
blocks of width eS−O(
√
S). By calling |Ψ〉 an ap-
proximate state, we mean that its overlap with the
original CFT state |ψ〉 satisfies
∣∣〈Ψ∣∣ψ〉∣∣2 ≥ 1− ε− e−O(√S), (12)
and therefore that the expectation values of bounded
operators in |Ψ〉 and |ψ〉 agree up to corrections of
order
√
ε+ e−O(
√
S).
Since each n-block in eq.(11) has a flat entangle-
ment spectrum, we call |Ψ〉 a distilled state for |ψ〉, as
the entanglement between A and Ac in |ψ〉 has been
‘distilled’ into maximally entangled states on Hilbert
spaces of size eO(S). To see these maximally entan-
gled states explicitly, we introduce auxiliary Hilbert
spaces Hγ and Hf with dimensions given by
dimHf = eO(
√
S) and dimHγ = eS−O(
√
S)
(13)
and define maps Hf ⊗ Hγ → HA and Hf ⊗ Hγ →
HAc by
V |n〉f |m〉γ = |n,m〉A, (14)
W |n〉f |m〉γ = |n,m〉Ac (15)
for some arbitrarily chosen bases of the auxiliary
Hilbert spaces and the corresponding bases in their
complex conjugate Hilbert spaces.
The distilled state |Ψ〉 may then be written as
|Ψ〉 = (V ⊗W )(|φ〉 ⊗ |σ〉), (16)
with
|φ〉 =
eS−O(
√
S)∑
m=0
|mm〉γγ , (17)
|σ〉 =
eO(
√
S)∑
n=0
√
λn|nn〉ff . (18)
This expression for |Ψ〉 is a tensor network of the
form
ΨAA
c
= V AfγW
Ac
fγφ
γγσff , (19)
3
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FIG. 2: A tensor network for a bipartite
discretization of AdS3 by a single Ryu-Takayanagi
surface, drawn here as a dashed line in the bulk.
with bond dimensions given by |f | = |f | = eO(
√
S)
and |γ| = |γ| = eS−O(
√
S). From the Ryu-Takayanagi
formula (3), we see that the bond dimensions are de-
termined by the areas of a corresponding extremal
surface in the bulk—the maximally entangled bonds
in |φ〉 have dimension earea/4GN to leading order in
GN , while the submaximally entangled bonds in |σ〉
have subleading dimension in GN corresponding to
the fact that in AdS/CFT, extremal surfaces in the
bulk spacetime experience fluctuations in their ar-
eas due to, e.g., graviton effects. To make clear
the correspondence between the spacetime geome-
try and the tensor network geometry, the graph for
the network in eq.(19) is sketched in Fig.2 over the
corresponding discretization of vacuum AdS3.
Since |Ψ〉 both approximates the physics of the
original CFT state |ψ〉 in the sense of (12) and
has a tensor network representation whose geom-
etry matches certain known, discretized geometric
features of the holographic dual to |ψ〉, we claim
that the tensor network for |Ψ〉 given in (19) consti-
tutes an explicit tensor network for the AdS/CFT
correspondence. The procedure detailed above can
be generalized to any pure state in the AdS/CFT
correspondence, not just the AdS3 vacuum, and can
be repeated inductively to construct an approximate
tensor network for any discretization of the bulk by
non-intersecting Ryu-Takayanagi surfaces. Because
the underlying graphs of such networks contain no
loops, they are referred to as tree tensor networks
[27]. The details of this inductive procedure are re-
ported in companion work [19].
ENTANGLEMENT OF PURIFICATION AND
SUB-ADS STRUCTURE
Tree tensor networks alone cannot probe space-
time structure below the AdS scale, as the informa-
tion contained in any bond is distributed nonlocally
across an entire Ryu-Takayanagi surface. To con-
struct tensor networks that probe sub-AdS struc-
ture, we propose a procedure for dividing bonds
along RT surfaces based on the holographic entan-
glement of purification conjecture [17, 18].
For a bipartite mixed state ρ(A1A2), the entangle-
ment of purification between A1 and A2 is the min-
imal entanglement entropy between the two Hilbert
spaces under a simultaneous purification [28], i.e.,
EP (A1 : A2) = inf|Ψ〉
A1A
′
1
A2A
′
2
S(A1A
′
1), (20)
where |Ψ〉A1A′1A2A′2 is any state that has ρ(A1A2) as
its reduced density matrix on HA1 ⊗HA2 . The holo-
graphic entanglement of purification conjecture pro-
poses that in AdS/CFT, this quantity corresponds
to the area of the entanglement wedge cross-section,
which is the minimal bulk surface anchored to the
Ryu-Takayanagi surface of A1A2 that partitions the
entanglement wedge of A1A2—i.e., the bulk region
contained between A1A2 and its RT surface—into
a portion whose boundary contains all of A1 and a
disjoint portion whose boundary contains all of A2.
This surface is sketched in Fig.3 in vacuum AdS3 for
a typical configuration of boundary regions A1 and
A2.
A1 A2
A
c
ΣA1:A2
A
′
1 A
′
2
FIG. 3: The entanglement wedge cross-section
ΣA1:A2 for two neighboring boundary subregions
A1 and A2 in vacuum AdS3.
The holographic entanglement of purification con-
jecture associates the Hilbert space factors A′1 and
4
A′2 in eq.(20) to the corresponding subregions of the
RT surface, as sketched in Fig.3. More precisely, this
conjecture invokes the surface-state correspondence
[29] to claim that a state |MEP〉 (called the “min-
imally entangled purification”) that saturates (or
nearly saturates) the infimum in (20) is holographic
for the entanglement wedge ofA1A2 in the sense that
the entanglement entropies of its subregions can be
computed by finding the areas of minimal surfaces in
the entanglement wedge of A1A2 in a manner anal-
ogous to the RT formula (3). If |MEP〉 is indeed
holographic for the bulk geometry of the entangle-
ment wedge, then arguments given in the previous
section suggest that it should be possible to build
a tree tensor network for |MEP〉 whose geometry
matches the region in Fig.3 bounded by A1A2A
′
1A
′
2.
This is a tree tensor network corresponding to a dis-
cretization by three minimal surfaces (A′1, A
′
2, and
ΣA1:A2), and is sketched in Fig.4a for neighboring
boundary subregions in vacuum AdS3.
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FIG. 4: (a) A tensor network for the minimally
entangled purification of two neighboring boundary
regions in vacuum AdS3. (b) The tensor network
for the full boundary state formed by adding an
isometry to the MEP.
Since |MEP〉 and the original global CFT state
|ψ〉 are both purifications of ρ(A1A2), they are re-
lated by an isometry operator X that acts only on
A′1A
′
2, i.e., X |MEP〉 = |ψ〉. Adding this isometry
to the MEP tensor network sketched in Fig.4a (and
defining Y ≡ XTW ) yields a geometric tensor net-
work for the boundary CFT state that corresponds
to discretizing the bulk by the RT surface of A1A2
and the entanglement wedge cross-section ΣA1:A2 .
This tensor network manifestly represents the struc-
ture of divisions of extremal surfaces in the bulk,
and thus probes spacetime structure below the scale
of the tree tensor networks described above.
By generalizing the holographic entanglement of
purification conjecture to n neighboring bound-
ary regions, minimizing the quantity S(A1A
′
1) +
S(A1A
′
1A2A
′
2) + · · · + S(A1A′1 . . . An−1A′n−1), one
can construct tensor networks for discretizations of
the bulk where a single Ryu-Takayanagi surface is
split into n subregions. The size of each subregion
can be chosen to lie below the AdS scale and above
the string/Planck scales, thus representing space-
time structure at scales below ℓAdS . Furthermore, if
one assumes that the “bottom half” state composed
of the tensor Y in Fig.4b and neighboring edge states
|φ〉 and |σ〉 is holographic for the bottom half of the
bulk spacetime in the same sense that |MEP〉 was as-
sumed to be holographic for the top half of the bulk
spacetime, then this procedure can be iterated to
produce tensor networks for arbitrary grid-like dis-
cretizations of the bulk spacetime—even discretiza-
tions where the volume of space occupied by each
tensor is well below ℓd−1AdS! The details of this proce-
dure are reported in [19].
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